5.5. Exercises on integration

Exercise 1: Antiderivatives
Give all possible antiderivatives o f:

a) fx)=0 f) f(x)=x k) f(x) =x"withn € R\{-1} p) f(x)=16x*+x—7+ iz - %
X X
b) f(x)=1 g) f(x)=x ) f(x)=5x*—3x+6 q) f(t)= 3oL
2 2t
¢) f(x)=2 h) f(x)=x2 m) fx) =x*—x*+x*—x+1 ) f(x) = axX"+ ap X+ .+ aX + ag
d) fx)=ac R i) f(x)=x? n) f(u) = 4u® - 3u®+ 7u s) f(t) = sin(t)
e) f(x)=x P f=x* 0) f(x) = %xz ~3x+ x5 t) f(t) = cos(t)

Exercise 2: Fundamental theorem and properties of the integral
Determine the following integrals:

1 2 3 3
a) [ (_%x2 —X+ g)dx d) [x%dx, [x?dx und [x’dx (additivity)
-1 1 2 1
2 1
b) [ (x®+x?)dx e) [x%dx (Exchange of limits resp.. dx < 0)
-1 2
—2 3
) [(x*+3x+2)dx f) [ (x*—4x+3)dx (areas below the x-axis. f(x) < 0)
-3 0

Exercise 3: Areas below the x-axis
Find the absolute measure of the area bounded by x = a, x = b, the x-axis and the curve y = f(x).

a) f(x)=x*—1witha=-landb=2 d) f(x)=x*—xwitha=-landb=1
b) f(x)=—x*—4x—-3witha=—4andb=-1 e) f(x)=x*—xwitha=-landb=2
¢) fx)=x*witha=-1andb=2 f) f(t)=sintwitha=-nandb=n

Exercise 4: Areas below the x-axis
Find the absolute measure of the areas between the curves y = f(x) and the x-axis.
a) fx)=—x*+1 b) f(x) = x® - 4x ¢) f(x)=—x*+x d) f(x) =x>—3x* + 2x

Exercise 5: Areas between two curves

Find the absolute measure of the areas bounded by the curves y = f(x) and y = g(x) resp. the vertical lines x = a and x
=bh:

a) fX)=—x*+2,g(x)=—x*+3,a=-1undb=1 d) fx)=x% g(x)=x,a=0undb =2

b) fx)=x% g(x)=2,a=—-1undb=1 e) f(x)=x% g(x)=x>a=—2undb=-1

c) f(x)=3x,9(x)=—x+2,a=0undb=1 f) f(t) =sint, g(t) = cost, a:—%, b= %
Exercise 6: Areas between two curves

Find the absolute measure of the areas between the curves y = f(x) and y = g(x).
a) fx)=x4g()=2-x* h) f(x) =3, g(x) = x* c) f(x)=x3 g(x) = x d) f(x) =x>—3x, g(x) = 2x°

Exercise 7: Variable limits
Find t so that A(t) = 2.

a) A(t)= j(—x“r%)dx c) Alt) = j"(xz—%)dx e) At)= j(x2+t)dx
0 1 1

b) A(t) = z(x2+%x+l)dx d) A(t) = z(xz—gx—l)dx f) A(t) = z(ngtx+2)dx



Exercise 8: Integration by substitution

Find the value of the following integrals by substituting dz = :—Z dx with a suitable z(x):
X

3 2, 9 1 2tx 1 )
a) [ (2x-e¥ *)dx ) [ k) f[x ] X p) [x-In(x*+1) dx
0 o (x +1) 0 0
2 1 3 3 2
2_ 4x—10 11x—4 (Inx)
b) [ (4x-eX *)dx %)) dx 1) dx q) dx
d Lo —scror W {x-l L
1 0,5 1,2 2
0 [ dx h [ m [X*l4 N [YNX gy
0 o X' —2x? +1 o X +t 1 X
5 1 142 2e
. . 1 t In x
d [e¥dx i — n xdx s —dx
) { ) { x+1 ) _f 2 ) { X
0 4 2 1
_ . X In(x+1)
e) (el *dx ) 0) [Inx dx ) dx
I L o] [
Exercise 9: Integration by parts
Find the value of the following integrals by using the product rule:
2 1 1 3
a) [ (x-e*)dx ) [ (x-e®)dx e) [(x* e *)dx ) f(lnx)2 dx
0 -1 0
Lo 2 ¢ In x
b) [ (x*-e*)dx d) [ (x-e™)dx ) [x-Inx dx h) f
0 1 e
Exercise 10: Integration by substitution and by parts
Show by integration that F(x) is an antiderivative of f(x).
a) f(x) = 4e* with F(x) = 2e** i) f(X) = (x + 3)e * with F(x) = —(x + 4)e ™
b) f(x) =e ™ ! with F(x) = —2¢ %! K) f(x) = (—3x + 11)e** with F(x) = (-x + 4)e®
c) f(x) = —6e " with F(x) = 2e **! ) f(x)=—(6x+ 1)e " with F(x) = (2x + 1)e > *!
d) fx)=2x €% with F(x) = 2e%%° m) f(x) = (2x — 5)e** L with F(x) = (x — 3)e?*!
6) f(x) = —6x- <1 with F(x) = -3¢* 1 n) f(x) = with F() = = In(:< + 1)
X* +1 2
f fx)=@x—2)e X Lwith Fp) =26 X1 0) () = ——— with F(x) = —
(2x +4)? 4x +8
g) f(x) = (x + 3)e* with F(x) = (x + 2)e* p) f(x) =1+ In(x) with F(x) = x-In(x)
h) f(x) = (=2x — 1)e* with F(x) = (-2x + 1)e* q) f(x) = (In(x))? with F(x) = x-(In(x))? — 2x-In(x) + 2x
i) f(x) = x%* with F(x) = (x* — 2x + 2)e* r) f(x) =1 — (In(1 — x))* with F(x) = (1—x)-(1-In(1-x))?
Exercise 11: Improper integrals
Write the following improper integrals as limits and find their values:
a) fizdx c) f%dx 0) fx-e‘xzdx
1 X 1 X7 0
b) T 1 ax d) jidx f) Te*de h) }ie_%dx
o (x+1)? o X% 0 o X
Exercise 12: Improper integrals A
Find all possible n > 0 so that the areas A resp. B y
between the hyperbola f(x) = x " and the y-axis resp. f(x)
the x-axis have finite measure and give an A \
expression for this measure depending on t. ~
1
> X




5.5. Solutions to the exercises on integration

Exercise 1: Antiderivatives (c € R)

a) Fe(®)=c K) Fe)= ——x™+¢
+1
5 3 3 2
b) Fe(X)=x+c )] Fc(x):gx _EX +6x+cC
1 5 1 4 1 3 1 2
c) Fe(X)=2x+c m) Fe(X)= =X — =X"+ =X— =X+X+¢C
) Fe(®) ) Fe(®) c 2 353
d) Fe(X)=ax+c n) FC(u):u4—u3+%u+c
1., 13 3, 2.5
e) Fe(X)= =x"+c 0) Fe(X)= =x"— =x"+ —Xx"7"=5x+¢c
) Fe®®) 5 ) Fe(X) 5 5 3
f) FC(x):£x3+c p) Fc(x):Ex5+ lerxee-24 12
3 5 2 X x2
1, 3.,
9) FC(x):Zx +cC q) Fc(t):zt ~Jt+c
h) FC(x):flx’2+c 1) Fe(x) = —n x4 Sty + 8 iaxtc
2 n+1 n 2
i) Fe()=-x"'+c s) F()=—cost+c
) Fe(X)=Inx+c t) Fe(t)=sint+c

Exercise 2: Fundamental theorem of calculus and properties of the integral

1
12 3 13 12 3 17 3 2 1 5 11 8
a —=X =X+2)dX = |—-=X"—==X"+=X| = —=|X"+3X -9 =-(C-=Z)-(C-=) ==
) 3 > R B L)) = g
2 2
3 2 14 13 8 1 1 3
=|= = =(4+-)—-(———-)=6—
b) fl(x+x)dx PRI | 4+3)-(5 —3)=65

_ -2

) [(x*+3x+2)dx =
-3

1x3+§x2 +2X
3 2

-2
= 1[2x3+9x2+12x = E
6 — 6

-3

26

2 7 2 19 2
d [x%dx = —, [x*dx= = and [x°dx = =
) 3 3 3

N S— w

! 7
e) fxzdx = 3
2

Lo %2 4 4 8
) A= [[(—4x+3dx| + |[[(x* —4x+3dx| = |- |+|-=| =
0 1 3 3 3
Exercise 3: Areas below the x-axis
L2 2 s 4 4 _ 8
a) A=|[(C-Ddx| +|[(x*-Ddx| = = + - = =
Y 1 3 3 3
2. ., + 4 4 8
b) A= |[(-x*—4x-3)dx| +|[(-—x*—4x-3)dxX = |-=[+]|=| = =
—4 73 3 3 3
0 2
c) A= fx3dx +[[x%dx| = =+4 = 17
-1 0 4
d) A= }(x3—x)dx 4 j(x3—x)dx 1,11
° 0 4 4 2




e) A= + +

NG
+
NG
+
M|
I
I

}(x3 — x)dx
%1

} (x® — x)dx
0

} (x® — x)dx
1

T

[ (sintydt

0

f) A=2 =4

Exercise 4: Areas below the x-axis

Ly
3

1

w|N

=2

4
. 3

1
a) A=2 [(-x*+Ddx =2
0

NCP::
4

2 2
b) A=2 [(x®—4x)dx|=2] | =2-[-4]=8
0 0

1,0 2 _4

1
1
) A=2 [(—x*+xHdx =2-|—=x°+=x
) {( ) { c 3

0
1
x* —x3 %%+

1 2
d) A= f(x3 —3%2 + 2X)dX +| f(x3 —3x% 4 2x)dx |=
0 1 0

1 1 x* — %3 4+ x2
4 4
Exercise 5: Areas between two curves

1
a) A= [1dx =2
-1

b) A=|[(x*—2)dx

0,5

c) A=|[ (4x—2)dx|+

1

N |-

1
+=
2

1
[ (4x-2)dx
0,5

+ :1+ =1
6

oo,

0
d) A= j(xz—x)dx
0

j(xz —Xx)dx
1

-1
e) A= |[(x*—x%)dx| = 6
J, 12

0,257
f) A=| [ (cost—sint)dt
—0,757

=22

Exercise 6: Areas between two curves
8

a) A= }(2x2—2)dx
-1

b) A= }(XS —x?)dx
0

+

1 1
+ — = —
4 2

NG

c) A= }(x3 —x)dx
%1

j (% — x)dx
0

+

3
[ (x* —2x* —3x)dx
0

0
d) A=|[(x*—2x*—3x)dx
-1




Exercise 7: Variable limits
t

) AO= [(x2+Dix=-1f+ Lt=2ef-nt+6=0ot=1
0 3 3 3

t
b) A(t):f(x2+gx+l)dx:%t3+§t2+t:2<::>t3—2t2+3t—6:0:>t:2
0
t
c) A(t):f(xz—l)dx:3t3—3t—1+1:2¢>t3—t—6:0:t:2
1 3 33 3 3
t
d) A(t):f(XZ_fx_l)dx:lt3—3t2—t—§+§+2:2<:>t3—2t2—3t:0:»t:3
A 3 3 3 3 3
2
e) A(t):f(x2+t)dx:123+ Ly Ll Lo 7 3 seaso=1251=-2
1 3 2 3 2 3 2 9

t

t
f) A®)= j(x?—%tmz)dx =-f- §t2+2t:2<2:>2t:2:>t:1
0

w| -

Exercise 8: Integration by substitution

3 7
a) f(Zx-eXz’z)dx = [e’dz =e'—e? ~ 1096,50 with z(x) = X" - 2
0 >

2 2 0
b) [(@x-e )dx = 2[2x-e “dx =2 [e'dz = 2(L-e7) ~ 1,90 with z(x) = x* — 4
1 1 -3
c) }es”ldx = 11113'e3x+1dx = lj"ezdz = 1(e“—e) ~ 17,29 with z(x) = 3x + 1
0 3 0 3 1 3
5 5 -5
d [eXdx = —[(-1-e¥dx = - [e’dz = —~(e°~1) ~ 0,99 with z(x) = —x
0 0 0
Olfx _707 1—Xx __lz — —f(a_ aN ~ : -1 _
e) [e¥dx = —[(-1)-edx = - [e’dz = —(e—¢") =51,88withz(x)=1-x
-3 -3 4
f) j ! dx = ?idz = {—Ero = 09withz(x)=x+1
o (x+1)? 122 z) '
1 1
4x —10 2 2
9) f 2 _g 62dx_7 2 _5y16 )
o (X X + 6) X X461,
0,5 0,5 0,5
h) f 4 2Xz dx = 22X ydx == 21 - =
0 X —2x°+1 0 (X —1) X —10 3
i) jidlenm
o X+1
4 4
. X 1 2 1
dx = |=In(x*=1)| = =In(5
), [Xz_l 5 ( )2 > ®)
1 1 1+t 1
k) f[x— ftx ]dx = [xdx - [—dz = Ll - tln(z)i+t -1 —t(In(1 + t) — In(t)) with z(x) = x* + t
0 X"+t 0 t 2 2
3 - 2 2
) fllx Yix = fllz+7dz = f[11+z]dz = 11247In(z)’ = 11+71n(2) ~ 1585 with z(x) = x - 1
5 x—1 1 Z 1 z
1.2 1+t 52 2 1+t 2 1+t
X%+t 22 -2tz 4+ t% +t t*+t 1., ’ 1 ’ [ 1]
m dx = dz = z—2t+ dz=|=z° -2tz +(t° +t)In(z =——t+({ +t)Inj1-=
){XH Jt“ : {[ > ( )()t2 (t? +1) :




12l

142 2
n)ftl =tlfd= 12

2 2
it

-1

2
0) fln(x)dx = Xx-In(x)— x , = (2In(2) =2) - (0 - 1) ~ 0,39 with antiderivative taken from formula booklet!
1

! ) L2 2 1 1 ) L
p) {x-ln(x +1) dx = E{ZX In(x*+1) dx = [In(z)dz = Eln(2) 5 0,19 with z(x) = x* + 1

Fnx)? e, s 1 3 : _
q) { ” dx = Jzz dz = 5(|n(3)) §(|n(2)) ~ 0,33 with z(x) = In(x)

2 In2 In2
) f \““X = [z dz = —21'5 = %(In(Z))l’s ~ 0,38 with z(x) = In(x)

In1 0
€lnx Mz g , 1 . _

s) { Tol - nfe zdz = E(m(ze)) 5= 0,93 with z(x) = In(x)

1 In(2)
f) { '”)((lel)dx = r{l )z~dz - %(m(z))2 ~ 0,24 with z(x) = In(x + 1)

Exercise 9: Integration by parts

2 2 2 2 2
{(x~ex)dx = {x-e" of {(1-ex)dx = [x-ex , = {(x—l)-ex , =e’+1~839
1 1
b) [(x*-e)dx = [xz-exz - [(2x-e)dx = [xz-exz - 2[ = [(x2—2x+2)~exz =e—-2~072
0 0

(use result froma) 1

c) j(x~e2")dx =
“1

1 1
3 2

= le2+ Ze?~1,90
4

X.EEZX
2

1
2Xx _ lleZX
-1

ol
- [@Ze®)dx =
J2 4

1
X-—e
2

1 1.
(2 4)

SN

-1 -1 -1

2 2
d) {(x‘e’x)dx = [x~(7e*X)12 - {(1~(—e’x))dx - [fx-efxl2 e = [(fxfl).efxl2 = —3e2+2e1~0,33
! 2 X — 2 —X o r —X — 2 —xl ! —X — 2 —xl
e) {(x e X)dx = [x (e M) - {(Zx-(—e Ndx = [—x | 2{(x~e ydx = [—x |+ 2

1 1
(—x—1)-e7* . [(—x2 —2x—2)-e*" . =-5.e 1+ 20,16 (use result from d)!)
¢ 1 Lt ¢ 1
x-In(x)dx = |=x2-In(x x2. = dx=|=x%In(x)| —|=x%| = |=x%In(x)-1)| ==e*3e?— 1)~ 39,10
f) { (x) () f > ()e i (2In(x) )e 2 ( )

w

9 [(n())? dx = (xI()—x)-In(x)> - }(x~|n(x)—x)é dx = [x(ln(x))z—xln(x)]f - }(In(x)—l) dx =
1 1

1

X(In(x))? ~xIn x]: — (xIn() —x—x = [x(In()? — 2xIn(x) + 2x]3 = 3.(In(3))* — 6In(3) + 6 — 2 ~ 1,03

h) j@dx: f[%.ln(x)dx = I(x).In(x)l2 - Jz‘ln(x)édx = i@dx In(x)- In(x) (In(2)) ~ 0,24.

1 1 1 1



Exercise 10: Finding antiderivatives using integration by substitution and by parts

[foox = [2.2¢%ax = [2e'dz = [2°[" = [2-e] = F(9°
a){(x)x—{~e x—zfaez— La—[-ea—(x)a
b b —0,5b—1
_ 1 _05x-1q, _ z4, _ 2051 —05x-1]° _ b
b) [foodx = [ (—5g) (09 dx = [ —2¢fdz = [—Ze ]_OVSH = [-2e = 0,
a a —0,5a-1
’ ’ _3x41 _3x41 —aH —3b+1 _ax1P b
o) [f(x)dx = [(-6)-e dx—!fZ( e Fdx = [ 2e%dz = 3a+1:[2-e = F0o,
a a —3a+1
B [Tk = [2-xe°5d O%ZZZd 2.2 = [2.005¢]" = gy
x)dx = X = e’dz = |2.¢* =|2.e” = F(x
) J160dc = [2x o!; 2|, =R,
P00t = [ (32 = [ stz = st = e = Fo
e) {(x)x—{( ). 2xe* dx = afﬂ e’dz { ea2+1_l e ),
b b —b24+b—1 2, b
— —xZx-1y, — D YC R S e N PR RS | b
) [f)dx = [(-2)-(—2x+De dx = Zf 2e’dz = { 2| 7 [ 2-e = F(x),
a a —a?+a-1
b b b®—b?—2b+1 b3_b?_2b41 . b
- 2 _ oy 9\oX X —2x+lg,, — 74, — — [P —2xH1| b
9) [f(x)dx = [(3x*—2x—2)e dx 3 zf e’dz = |e ]aa—a2—2b+l e i F(x),
a a a’—a“—2a+1
b b b b b b
h  [f(x)dx :[ - [Le¥dx = [(x+3)-exa - = [(x+3)ex—lexa = [(x+2)-ex = F0,
a a
) b b b b b b
i) [foodx = KQX—D@XAJX—aeMX = KQX—D@XAk—D@ = k@x—nﬁ—camx
a a a a a a
xP b
(24D €| = FO),
b 2 r 2 b ° 2
. _ x|’ _ X — ] x]7 X — X X
) ff(x)dx = [x e f2x e*dx [x e [er . {Ze dx {x e {2xe 12
[x [(x —2x+2)-¢*| = F(x):

b
k) ff(x)dx = {(X+3).(—e*><)a - fl.(—e*X)dx = {(—X—3)-e*><{:J - le

{(fx—4)e’xz = F(X):

b 1P 11, g 1o
D [Tox = [<—3><+11)~<§ex> f< PZEN = x| - !_§ex

11 « 1 « b _ N b _ b

(—x+§)e3 +§e3 : [(—X+4)eS .= F,

b 1 3 b ! 1 1 ’ 2
m [fodx = \(—6><—1)~(—§e T, T Jee g e = @ e [ ©

b
1, _ 2 _ _ b
(2X+§)e 3x+1 +§e 3x+1 - [(2X+1)e 3X+la - F(X):
a
b 121bb121 521b 121b S5, oxt1 1 ox
n [f(x)dx = (2x—5)-§e X —f2~§e “ax = [(x —2) - e — ¢ o= (X_E)e x* —5¢ *
a a a a a
b b
2x+17 —
[(x—s)e = F(,
b b b2+1 b?+1 b
0) [f(x)dx = fi.zx 1 idz = —In(z) = l|n(x2+1) = F(x)"
2 2 2 a
a a a+l a“+1 a

= [(x-3e* -1 :




p)

q)

)

(2b+4)? 11 B 1
2z

ff(x)olx_fE mo| = 2222dz

a (2a+4)

b
b

= F()»

(2b+4)? ) 1
2(2x +4),

(2a+4)

f f(x)dx = f (@L+In())dx = x+x-In(x)—x_ = F(x)” (with antiderivative of In from formula booklet)

ff(x)dx = jln(x) In(x) dx = [(xln(x) x)In(x) f(xln(x) X)- —dx = [x(ln(x)) —xIn(x)] _[(In(x)—l)dx

= [x(In(x))? —xln(x)]a ~ xIn(x)—x—x_ = [x(ln(x)) ~2x|n(x)+2xL = F(x)!

b
}f(x)dx :jb‘ 1—(In(l—x))? dx = x;’ = [(n@—x))* dx

= X1 +[@—0n@—x)* ~ 20— X) I - X) + 21— X)]:

= @)@ x)? 20— ) In@-x)+ @ %) +1]:

b b b b
= [(1—x)((|n(1—x))2—2|n(1— x)+1)+1L = [(1—x)(|n(1—x)—1)2+1]a = [(1—x)(1—|n(1—x))2 = 0,

(The 1 cancels out when taking differences!)
1-b

NR: f(ln(l x))?> dx = [Inz:Inz dz = (zInz— z)Inz
1-a

= {z(ln 2)?> —zIn Z]l:a - f (Inz—1)dz = [z(ln 2)? —zIn ZL:
1-a

b 1-b 2 1-b
- zlnz—z-z =|z(Inz)"—2zInz+2z
. -

- f(zlnz z)

1—-a
b
= [(1—x)(|n(1—x))2 —2(1—x) In(L—x) + 2(1— x)] mit z(x) = 1 — x
a
Exercise 11: improper integrals
o1 1 R e 1
a) |—dx =1 c) [——dx =2 e) =2 g [xeXdx=2=
{ x? { x5 f \/ﬁ 101 2
1 y 14 1 1
dx =1 d =2 f) e dx =1 h)y | —-e xdx ==
£ [ ] oo

Exercise 12: improper integrals

1 1 1 1
Forn<litsA= f—dx _L_xln} =~ and

b
. b . 1 1
forn>1its A= fidx: Ilm[—xl‘”} =_-
1 ‘ o

0 X



